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Let R be a commutative domain with 1 and Q its field of quotients. R is 
a valuation domain if its ideals are totally ordered by inclusion. An 
R-module D is said to be divisible if rD = {rd 1 d E D> equals D for each 
0fr~R. 
Our purpose here is to discuss various features of divisible modules over 
valuation domains. These complement the numerous results in [4-71 on 
divisible modules. 
First, we note that the classical result on divisible modules over discrete 
rank one valuation domains (viz. they are direct sums of copies of Q and 
K= Q/R) carries over to divisible modules of projective dimension 1 over 
any valuation domain R with p.d. Q = 1 (see Theorem 1). 
Primarily, divisible modules of projective dimension 1 will be studied. In 
[4], a divisible R-module d was introduced; it is a generator of the 
category of divisible R-modules. Here we slightly modify its definition in 
order to minimize the cardinality of its generating system. The new version 
of 15 plays an essential role in our existence theorem (Theorem 3) charac- 
terizing the two cardinal invariants which completely classify divisible 
modules of projective dimension 1 (Theorem C). 
Next, we focus our attention on superdecomposable divisible modules 
(i.e., no indecomposable summands #to). Superdecomposable torsion- 
free abelian groups and modules over Dedekind domains have been 
constructed by Corner [2], Benabdallah-Birtz [l], and by Meinel [9], 
Dugas-Gobel [ 31, respectively. There even exist superdecomposable pure- 
injective modules over valuation domains (e.g., [7, p. 2261). Fortunately, 
for divisible modules, there is no need for sophisticated constructions: for 
p.d. Q > 1, all divisible modules of projective dimension 1 provide examples 
for superdecomposability. However, if we insist on smallest possible Goldie 
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dimensions, then we have to search for valuation domains R with special 
features. Curiously enough, those R which were used in [I?, p. 1.501 to 
obtain non-standard uniserials and in [S] to construct indecomposable 
divisible modules of arbitrarily large cardinalities will fit perfectly our 
purpose. There is one deficiency: in the construction, we rely on Jensen’s 
Principle 0 besides the usual ZFC axioms of set theory. 
We also discuss the fully invariant submodules of divisible modules of 
projective dimension 1. A complete classification can be given, complemen- 
ted with a description of their structures (Theorem 11). Finally, we charac- 
terize the center of the endomorphism ring of torsion divisible modules D 
with p.d. D = 1 (Theorem 12). 
1. PRELIMINARIES 
For any domain R # Q, let G = { qz ) i E I> be a generating set of minimal 
cardinality K for the field Q of quotients of R, viewed as an R-module. 
q1 $ R but q; ’ E R can be assumed for each i E I. Define 2 to be generated 
by all h--tuples (r,, . . . . rk) with r,E R, r;’ E G for k>O, subject to the 
relations 
rn-(r,, . . ..rli) = (r,, . . . . rkp, j (k> 1). 
The 0-tuple ($3) = iv generates a submodule 2 R such that 13, = a/Rw is a 
torsion module. Evidently, 8 is K-generated. (The d constructed in [4] had 
IRI generators.) The slight change in the construction does not affect he 
validity of the following results proved in [4]: 
THEOREM A. Every divisible R-module is an epic image of a direct sum o,f 
copies of 8 with divisible kernel. 
THEOREM B. If R is a PrLfer (in particular, a valuation) domain, then a 
divisible R-module has projective dimension 1exactly if it is a .summand of a 
direct sum of copies of 8. 
Let r(D) = dimo(Q OR D) be the rank of D. If D is a divisible module 
with p.d. D = 1 over a valuation domain, then D[r] = (x E D ( rx = 0) is a 
direct sum of copies of RIRr. The number of copies, which is independent 
of 0 # r E R, r a non-unit, will be denoted by s(D). 
THEOREM C [7]. The cardinal numbers r(D) and s(D) form a complete 
system of invariants for divisible modules D of projective dimension 1 ovei 
valuation domains. 
We shall also require the following: 
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THEOREM D [4]. Let M be a module over a Prtifer domaiFz R. If p.d. 
M= m, then Ext’,“(M, D) = 0 for all divisible R-modules D. 
By the Goldie diFneFlsioF1 g(M) of a module M is meant the supremum of 
all cardinals 1 such that M contains the direct sum of il non-zero sub- 
modules. 
THEOREM E [6]. If p.d. M,< 1 holds for a module M over a valuation 
donzain R, then (1) M is a submodule of a direct sum oj- copies of Q and K, 
(2) M caFz be generuted bv g(M) . K, elements. 
For unexplained terminology and notation we refer to [7]. 
2. PROJECTIVE DIMENSION ONE 
We start our discussion with the case p.d. Q = 1 and prove a 
classification theorem generalizing the well-known classification for discrete 
valuation domains. Actually, it is an easy consequence of Theorem C 
(surprisingly, ithas escaped my attention until now). 
THEOREM 1. Let R be a valuation donzain such that p.d. Q = 1. A 
divisible R-module has projective dimension 1 if aFld only if it is a direct suFn 
of copies of Q and K = Q/R. 
Prooj: Note that p.d. Q = 1 is equivalent to p.d. K= 1 (by the way, this 
means that Q is a countably generated R-module). Therefore, p.d. Q = 1 
implies that any direct sum of copies of Q and K is a divisible module 
whose projective dimension is 1. Conversely, suppose D is a divisible 
R-module and p.d. D = 1. The direct sum E of r(D) copies of Q and s(D) 
copies of K is divisible of projective dimension 1. Moreover, r(E) =r(D) 
and s(E) = s(D), so by Theorem C, D z E. 1 
We proceed to the case p.d. Q 3 2. This is more difficult to deal with. The 
following lemma is crucial. 
LEMMA 2. For a valuation domain R with p.d. Q 3 2, a divisible 
R-module D of projective dimension 1 satisfies 
s(D) > IC. 
ProoJ The first step is to show that a torsion R-module M generated 
by less than K elements is necessarily bounded. Let { gj I jE J> be a 
generating system for M with !J] < K. Choose 0 # r, E R such that r,g, = 0 
(jE J). The submodule L of Q generated by {r,:’ / jE J} is <k--generated, 
so L#Q. If rER is such that r-‘EQ\L, then rM=O. 
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Consequently, a divisible torsion R-module must have at least K 
generators. Hence if D is divisible torsion with p.d. D = 1, then g(D) = s(D) 
and Theorem E imply s(D) > K. 
Next, let D be arbitrary with p.d. D = 1. A free submodule F of D, 
generated by a maximal independent set in D, has clearly r(D) generators. 
It is easy to see that g(D/F)=g(D). Thus r(D)+s(D)=g(D)=g(D/F)= 
s(D/F) 3 K shows that we must have s(D) > K whenever r(D) < IL 
It remains to show that r(D) > K, s(D) < K is impossible. From the proof 
of Theorem E in [6] we conclude that D can be embedded as a submodule 
in the direct sum of r(D) copies of Q and s(D) copies of K. Pick an a E D 
that belongs to one of the components Q. For each q, in the given 
generating system G of Q, pick an a,~ D such that q;la, =a. Evidently. 
each a, has non-zero coordinates only in the same Q as to which a belongs 
and in finitely many KS. There are K generators, but only s(D) < K copies 
of K, so there must exist a finite sum E = Q @ K@ ... @K containing K 
elements from the set {a,} such that the corresponding q,‘s generate Q. The 
submodule M of En D, generated by these a,‘s is an extension of its torsion 
submodule tM by Q. Because of [S], either tA4 is unbounded and then 
contains a divisible uniserial summand, or tM is bounded and then 
M? tM@ Q. In either case, M and hence E and so D contains a divisible 
uniserial summand U. Visibly, either Ur Q or K. But summands of D must 
have projective dimensions < 1. This contradiction completes the proof. 1 
We now summarize, and prove the main existence theorem: 
THEOREM 3. Let R be a valuation domain, arzd r, s cardinal mtmbers 
There exists a divisible R-module D of projective dimension L such that 
r(D)=r ands(D)=s ifandonly if 
(1) in case p.d. Q = 1: r, s are arbitrary; 
(2) in case p.d. (2 >, 2: r is arbitrary and s 3 IC, r. 
ProoJ The proof of Theorem 1 settles the first case at once. In the 
second case, Lemma 2 takes care of the necessity part. To verify sufficiency, 
observe that r(a) = 1 and s(a) = K. In fact, s(a) < K holds, since 13 can be 
generated by K elements, so Theorem E shows that s(iYj cannot exceed K; 
on the other hand, s(~)),K is a consequence of the preceding lemma. 
Furthermore, for a,= a/Rw we have r(lJ,) =0 and s(8) = K. Hence the 
direct sum D of r copies of 13 and s copies of 13, will satisfy the required con- 
ditions. 1 
The following structure theorem is immediate. 
COROLLARY 4. If R is a valuation domain with p.d. Q > 2, then ever): 
divisible R-module D of projective dimension 1 is a direct sum of copies of C? 
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and do. The number r of summands z 8 and the number t of summands z a, 
are uniquely determined bJ1 D provided we assume that either t = 0 or 
t>r. 1 
Another interesting consequence of Theorem 3 is: 
COROLLARY 5. Let R be a valuation domain with p.d. Q > 2. All non-zero 
summands of 3, are isomorphic to 8,. AN non-zero torsion summands of d 
are isomorphic to a,, and every non-torsion summand of d is isomorphic to il. 
3. SUPERDECOMPOSABILTY 
A module A4 is called superdecomposable (K-superdecomposable) if every 
non-zero summand of M can be decomposed into the direct sum of two (K) 
non-zero submodules. 
It is easy to verify: 
THEOREM 6. Over a valuation domain R, there exist superdecomposable 
divisible modules of projective dimension 1 exactly f p.d. Q > 2. In case pd. 
Q > 2, all divisible R-modules D with p.d. D = 1 are K-superdecomposable. 
Proqf: Theorem 1 above shows that p-d. Q 2 2 is a necessary condition. 
On the other hand, if p.d. Q > 2, then Lemma 2 and Theorem C imply that 
a divisible D with p.d. D = 1 is isomorphic to D @ 0, So. Hence the rest of 
the claim is evident. 1 
As p.d. Qa2 means that Q requires at least Ki generators (i.e., K> K,), 
the superdecomposable divisible modules in the preceding theorem have 
Goldie dimensions > K > X0. It is natural to inquire about the existence of 
superdecomposable divisible R-modules D of smallest possible Goldie 
dimension: N,; of course p.d. D > 2 in such an example. We wish to show 
that, over suitable valuation domains R, such examples do exist. 
In our approach we follow Benabdallah-Birtz [l] and Meinel [9]. 
Deline a directed tree S of length o whose nth level is S,, = 
((n, nz) E N x N IO < nz < 2”) and whose edges are arrows from vertex (n, m) 
to vertices (n + 1,2m) and (n + 1,2n7 + 1). Let {A,,) (n, m) E S} be a set of 
R-modules along with R-monomorphisms 
Define H, = OS,, -4,,, and monomorphisms 4,Z: H,, --f H, + I acting as 
CL 0 b!, on A,, . We form H = l& H,, along with the canonical maps 
$,,:H,,+H. 
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LEMMA 7 (Meinel [9]). H is superdecomposable if the family 
(A,,, ( (n, m) E S} sati$es 
(a) Ho~M,,,~ A,,) = 0 whenever there is no directed path in S from 
(n, m) to (k, 1); 
(b) given q: A,, -+ H, there is an integer k such that 11 factors as A 
r,m+Hk+tiLH. 
The immediate task is to find divisible modules A.,,, satisfying conditions 
(a), (b). Our choice for R is the valuation domain of global dimension 2 
with p.d. Q = 2 which was used in [7, VII. Sect. 31 to construct non-stan- 
dard uniserial divisible R-modules (uniseria/ means that the submodules 
form a chain). Let I/, (n < w) be pairwise non-isomorphic uniserial 
divisible R-modules (all rt ,-generated) whose elements have principal ideal 
annihilators; thus Hom.( V,,, I/,,,) = 0 if PI # m and r R (the completion of 
R in its R-topology) if n = nz. In [S], divisible R-modules AI, were 
constructed for finite subsets X of the positive integers such that 
(i ) M, is an extension of I’, by 0, t K y, ; 
(ii) Hom(M,, Afy) =0 if X is not a subset of Y and ?R if XE Y. 
(Both in the constructions of the T’,‘s and the MC’s we relied on the 
combinatorial principle 0. j 
For the sake of convenience, we change the indices of I/,, to vary over S, 
with I’,, to mean IJ’~. For (n, m) E 5’, let X(n. 111 j be the set of vertices of S 
on the unique path leading from (0, 0) to (12, nz): and set A,,,, = A4,.-(n,,tz)~ 
Then (ii) implies that these A,,,,, satisfy condition (a). To verify (b), we need 
an elementary lemma (valid over any ring). 
LEMMA 8. Suppose 0 = N, < N, < . . . < N, = N is a finite chain of .sub- 
modules of N such that each factor N,/N,- 1 is an uncountably generated 
uniserial module. If I$ is a homomorphism of N into the union of a countable 
chain 0 = H, < H, -C . . < H,, < . . . then q5N < H, for some m. 
ProoJ By induction on k. For k = 0, there is nothing to prove. Assume 
k 3 1 and dN,- r 6 H,, for some m. Consider a set of generators of N 
mod N,-,, say (g,, / r < Sz > for some initial ordinal L? > w1 such that 
N,- I t- Rg,, < NkP, + Rg, for v <CL (a. There exists a colinal subset 
(gylrE(l) with ~4 ~0 whose image under 4 belongs to the same subset of 
the disjoint union H, u (H, + 1\ H,,) u (H,, + 2’\ H,, + , ) u . . . By the 
uniseriality of N/N, ~ r, this subset generates N mod N,-- 1. Hence 
WQff,n+~ for some 1. 1 
Applying this lemma to N = A,,n and H viewed as the union of the 
I,~,,H,~, we conclude that condition (b) holds for our modules A,,,, H. 
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THEOREM 9 (ZFC + 0). There exist valuation domains R which admit 
superdecomposable divisible R-modules of countable Goldie dimensions. 
Proo$ The Goldie dimension of M, is precisely JXJ + 1. Hence g(H,) is 
finite for every IZ which implies that g(H) is at most countable. By super- 
decomposability, g(H) = K, follows. H is divisible as the union of divisible 
R-modules H,,. 1 
Our example is, in a sense, a best possible one. These superdecom- 
posable modules are of smallest projective dimension (viz. 2) and of 
smallest injective dimension (viz. 1). Observe that injectives cannot be 
superdecomposable over valuation domains (cf. [IO] j, and injective dimen- 
sions of divisible modules for valuation domains of global dimension 2 are 
<l; cf. [S]. 
4. FULLY INVARIANT SUBMODULES 
For the classification f fully invariant submodules in divisible modules 
we require 
LEMMA 10. Let A be a module over a valuation domain R, and T a sub- 
module such that p.d. A/T< 1. Every homomorphism $ of T into a divisible 
R-module D extends to a homomorphism 4: A -+ D. 
Proof: The exact sequence 0 + T + A + AjT -+ 0 implies the exactness 
of 0 + Hom(A/T, D) ---f Hom(A, D) -+ Hom(T, D) + Ext’(A/T, D) = 0, the 
last term being 0 because of Theorem D. Hence the assertion follows. 1 
We can now prove: 
THEOREM 11. Let D be a divisible R-module of projective dimension 1, R 
a valuation domain. A complete list of fUy invariant submodules of D is as 
foIlows: 
(i) D and its torsion part tD (these coincide #’ D is torsion j; 
(ii) for submodules J of Q with R < JC Q, the trace Tr J/R = 
(Xq( J/R) 1 v] E Hom( J/R, D) >. Here Tr J/R is a direct sum of s( D) copies of 
J/R. 
ProoJ: It is evident that all these submodules are fully invariant in D 
(and all are different). Let H be a fully invariant submodule of D. If H con- 
tains an element a with Ra S’ R, then for every de D, a H d induces a 
homomorphism Ra + Rd which can be extended to a map D + D 
(preceding lemma is applicable as factors of modules of projective dimen- 
sion 1 modulo finitely generated submodules have again projective dimen- 
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sion 1; cf. [7, p. 841). Hence H = D in this case. The same argument applies 
to show that if a E H has annihilator Rs, then D[s] 6 H. Therefore, H = tD 
if H is unbounded. Finally, if H is bounded, say 0 # r E R satisfies rH = 0, 
then His contained in D[r] as a fully invariant submodule (by Lemma 10, 
endomorphisms of D[r] are induced by those of D). Since D[r] is a direct 
sum of copies of R/Rr, H is a direct sum of the intersections of H with 
these summands. These summands are uniserial, say, 2 J,/R with 
R d J, < Q. As injective ndomorphisms of J,/R are surjective, it follows 
that all the Ji are the same. 1 
A word of warning: though all the endomorphisms of D[r] are induced 
by endomorphisms of D, this is no longer true necessarily for the other 
fully invariant submodules. In fact, if H = Tr JiR and J/R has an 
endomorphism t not induced by multiplications by elements of R (this 
happens exactly if R/J-’ is not complete), then < induces an 
endomorphism of H which does not come from an endomorphism of D. 
5. CENTERS OF ENDOMORPHISM RINGS 
We now proceed to consider the centers of the endomorphism rings. 
THEOREM 12. The center of the endomorphism ring E of a divisible tor- 
sion module D of projective dimension 1, over a valuation domain R, consists 
of muliplications by elements of f?. 
Proof. Let 1’ E E belong to the center of E. It induces an endomorphism 
of D[r], for any r E R. As D[r] is a direct sum of copies R/Rr. we can write 
D[r]=RaOB for some a~D[r] and B<D[r]. Clearly, ya=.s,a+b, for 
some s, E R, b, E B, depending on a. The rule ?,a = a + b,, ql.x = ts for all 
x E B (for a fixed t E R) defines an endomorphism et of D[r] which extends, 
in view of Lemma 10, to an endomorphism qr of D. Now 1’ being central 
gives 
s,a i-b, + yb, = ~(a + b,) = yqt(a) = q,ya = qt(s,a + b,) 
= s,a + s,b, + tb, 
for all t E R. Hence b,= 0, ya =~,a, i.e., y acts as a multiplication by an 
element S, of R on the element UE D. It is readily seen that y acts as a mul- 
tiplication by some element s E ii on D. 
Conversely, every ski? acts as a multiplication by an element of R on 
each element of D, thus it commutes with every q E E. 1 
A similar argument applies to show that if D is as in the last theorem 
and H = Tr J/R is a fully invariant submodule of D, then 8: H -+ H is an 
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E-map exactly if it is a multiplication by an element in the completion of 
R/J- I. 
Recall that R is almost maximal if and only if, for every ideal J # 0 of R, 
RjJ is complete in the R/J-topology; and that every ideal Jf 0 is of the 
form L-’ (for some submodule L of Q) with the exception of those 
isomorphic to the maximal ideal P of R. Putting all this information 
together, it is easy to verify: 
THEOREM 13. A divisible torsion module D of projective dimension 1 over 
a valuation domain R is quasi-injective as a module over its own 
endomorphism ring if and only if R is almost maximal. 
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